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Field Axioms of real number:

A1. a+ b 2 R if a, b 2 R;
A2. a+ b = b+ a if a, b 2 R;
A3. a+ (b+ c) = (a+ b) + c 2 R if a, b, c 2 R;
A4. There exists 0 2 R such that a+ 0 = a for all a 2 R;
A5. For any a 2 R, there is b 2 R such that a+ b = 0;

M1. a · b 2 R if a, b 2 R;
M2. a · b = b · a if a, b 2 R;
M3. a · (b · c) = (a · b) · c 2 R if a, b, c 2 R;
M4. There exists 1 2 R \ {0} such that a · 1 = a for all a 2 R;
M5. For any a 2 R \ {0}, there is b 2 R such that a · b = 1;

D. a · (b+ c) = a · b+ a · c if a, b, c 2 R.

1. (a) State the completeness of R;
(b) Using the axioms (and point out which axiom is used at each step), show that

i. (�a) · (�b) = a · b;
ii. 1/(�a) = �(1/a) if a 6= 0.

If: 1) a) Suppose S&R isa nonempty set in Rue
is bunded from above. Then seeps exists in R.

b) i) 8=2. 0 for all aeR : Strictly speaking , also
0 = a.0 + (a . b) (A5) need to shop

= a (0+0) + 7 a. 8) (A4) uniquenessathe
= a. 8 +ay0 +(a(s) (D) below.
= a-8 (A5)

.

arguments
a (1) = - a for all a<R

:

8 = a- 8 (prane)
= a . (l+ (-1) (A5)



= a-1 + a . (- 1) (D)
= a + a . (1) (h4) ·

=>by uniqueness of addities riverse , a. (1) = - a

also need : (112 = 1 .

E= (1)+o (A4)
=( )+ 2- 1) + 1 (A5)
= ED · (1) + (1) + 1 (defin of square) .

= (1) · (-1) + (-1) · 1 + 1 (M4)
= (D . (G-D) + 1) + 1 (D)

= (1) - 0 + 1 (A5)
= 0 + 1 (proved)
= I

. (A4)



( a) . ( b) = a- (- 1) - b . (1) proved)
= (- 1)

2
. a. b (M2)

= 1-a- b (pioned)
= a . b .

i-(a) = ats- (H) (proved

= (F - 2-1) (D)

= s (A5)
= 0

% sproved) -
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2. Suppose S is a bounded non-empty subset in R.

(a) Show that inf(�S) = � supS where �S = {�x : x 2 §}.
(b) Show that supS0  supS if S0 is an non-empty subset of S.

If : a) Since S is bounded, - S is also banded.

Since S iswonempty,
- S is also nonempty.

Hence by completeness axion, inf(s) exists.
let=SupS . WTS -u is a lower bold. of -S :

Since U= SupS , USES
,

we have size

Multiplying by -1s me here-ne-S forall SES .
A

- Si

So-u is a lover bod . Of-S
Greatest howe beld

· property : Let v been limebeld. of So
WiS : VE-U . Since vis a lover beld . of-S , we have

V-5 Use Si

So multiphiy by -1, we
tren SK-V for allses.

So-v is an ub . of S . Then since u= sups , we

there UK-v . Then multiplying agai by+ give
V -u +

Hence
, -supS = -u= inf (S)%



b) So is nonempty by assumption
So &S andSis bonded

, so So is banded :

bonded alone: S is bruded above, so EMER S
.

t.

siM for all SES .

let so So. S
.

So in particular sodM .
Since so was

abitory, So is banded aloe by M.

By completeness axion, sup So exists in R.
Was supSossupS: Sps for the sale of contradiction that

sups
< SupSo .

Since supso is lub. of So , this means
that supS is not an nib of So . So

, mean find an sot So

St . So > sup] . But then since soeS , this contradicte the

fact that sups is an wil of S ./
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3. By considering A = {x 2 R : x2 + x < 3}, show that there exists u 2 R such that
u > 0 and u2 + u = 3.

If : Wis u= supt will satisfy 10 , and lith=3.
First show mesup exists.

nonempty
: 1 + 1 = 243

,
so 14 Amel A is wonempty.

banded : 2 +2 = 633 . So A is bonded from aboveabove

by 2.
So by completeness axom , u=supA exists niR

2nd
Step

: 130 : Since let and Kisan .

ub
: of As

wehere up /3.

zad step
: Ken= ] .

First sps +u>3 => ntu -350 ·

contradiction mewant : n-in is an u.b . of A.
(u-m)i+ (n-m) > 3 .

(u-m
2

+ (n-m) = u= - 2 +m +u-m

>+-- m
= n2+ n-m (2u+)

So pick meN sof . fu
Such an meN exists by nu-30 ,

100 = Zu+ >x

so

u 30
,

and we eve pick such an m by AP.



So with this mchosen , we obtain

(n-mm)+ (n-in) > nz+u -ut)
= 3

.

So n-th isanb. of A ,
an contradition.

Now sps U+U <3 ,

(u+ i)
2
+ (n+z) = u= +2 +2 +n++

n2+u + h(zu+2)
Then since US , 24+230 , 3-12-U30 , by A .P . EnENst

and so



(n+) + (u+)unu + (a)(2)
=3

.

So uthEA
,

but clearly hits, u = supt , a
contradiction

,

So by trickstory property: UTH
=

3


